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This work concerns the dynamics and control of process networks in which impurities
are present and are removed by a small purge stream. Using a singular perturbation
analysis, it is shown that the presence of the small purge stream leads to a time scale
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Introduction

Process networks, consisting of reaction and separation units
interconnected through material and energy recycle streams,
represent the rule rather than the exception in the process
industries. The dynamics and control of such networks present
distinct challenges, given that, in addition to the nonlinear
behavior of the individual units, the feedback interactions
among these units, induced by recycle, typically give rise to
more complex overall network dynamics.!? Design modifica-
tions (such as adding surge tanks between different units to
attenuate disturbances propagating through the recycle) can in
principle be used to minimize these interactions, although such
modifications are not favored by the recent demands for lower
capital and operating costs, and tighter process integration.

At the same time, the efficient transient operation of such
networks is becoming increasingly important, as the current
environment of frequent changes in market conditions and
economic objectives dictates frequent changes in operating
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conditions and targets (such as product grade transitions, feed
switching, and so on) and tighter coordination of the plantwide
optimization and advanced control levels.? A major bottleneck
toward analyzing, optimizing, and better controlling the dy-
namics of such networks is the often overwhelming size and
complexity of their dynamic models, which make dynamic
simulation computationally intensive, and the design of fully
centralized nonlinear controllers on the basis of entire network
models impractical—such controllers are almost invariably
difficult to tune, expensive to implement and maintain, and
sensitive to modeling errors and measurement noise. Indeed,
the majority of studies on control of networks with recycle
(see, for example, Yi and Luyben,* Chen and Yu,> and Sko-
gestad®) are within a multiloop linear control framework. In a
different vein, a formal framework for stability analysis and
stabilization of process networks, based on passivity and con-
cepts from thermodynamics, was recently postulated in Hangos
et al.” and Ydstie.® Thus, the development of a systematic
framework for analyzing the nonlinear dynamic interactions
induced by recycle structures, and rationally accounting for
them in the controller design, clearly remains an important
open problem.

In our previous work,® we considered process networks with
large material recycle compared to the throughput. Within the
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framework of singular perturbations, we established that the
large recycle induces a time scale separation, with the dynam-
ics of individual processes evolving in a fast time scale with
weak interactions, and the dynamics of the overall system
evolving in a slow time scale where these interactions become
significant; this slow dynamics is usually nonlinear and of low
order. Motivated by this, we proposed: (1) a model reduction
method for deriving nonlinear low-order models of the slow
dynamics induced by large recycle streams and (2) a controller
design framework consisting of properly coordinated control-
lers in both the fast and the slow time scales.

In this report we focus on process networks with a recycle
stream and a purge stream. The latter is typically used for the
removal of impurities (introduced as part of the feed streams
and/or reaction byproducts); the presence of the recycle can
lead to the accumulation of such impurities in the recycle loop,
which can in turn be detrimental to the process operation (for
example, by poisoning the catalyst in the reactor) and the
process economics.'%'2 Understanding the dynamics of the
impurities is thus critical and controlling the level of such
components in the recycle structure can be a key operational
objective.

In almost all such networks with purge streams, the magni-
tude of these streams is significantly smaller than that of the
throughput and/or the recycle streams, so that raw materials
losses and/or pollution can be minimized. This suggests the
possibility of a “core” dynamics over a much slower time scale
compared to the dynamics of the individual process units and
possibly the overall network dynamics. Developing an explicit
nonlinear model of this slow dynamics can be beneficial both
for analysis and evaluation purposes, and for model-based
control.

In what follows, we begin by introducing two motivating
examples of process networks with recycle and purge. First, we
analyze the case of a reactor with gas effluent connected by a
gas recycle stream to a condenser, and a purge stream used to
remove the light inert components. In the second case, the
products of a liquid-phase reactor are separated by a distillation
column. The bottoms of the column are recycled to the reactor,
and the heavy inert that is present in the feed stream is removed
by a liquid purge stream. We show that, in both cases, the
dynamics of the network is modeled by a system of stiff
ordinary differential equations (ODEs) that can, potentially,
exhibit a two-time scale behavior.

Motivated by the above, we consider a generic process
network structure consisting of a reaction—separation sequence
in which impurities are present and a purge stream is used for
their removal. We show that in the general case, the dynamics
of such networks is described by a system of ODEs in a
nonstandard singularly perturbed form. We investigate the dy-
namic behavior of the class of process networks considered
within the framework of singular perturbations, demonstrating
that indeed they exhibit a two-time scale dynamics and deriv-
ing explicit reduced-order, nonstiff models for the dynamics in
each time scale. We also establish that the slow dynamics of
the networks considered is one-dimensional and is associated
with the total inert holdup in the recycle loop, which represents
a true slow variable of the network. Also, we highlight the
control implications of the two-time scale dynamics of these
systems, that is, the separation of the available flow rates into
two groups of manipulated inputs that act on and can be used
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Figure 1. Process network with recycle and purge.
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for addressing control objectives in the two time scales. Fi-
nally, we provide numerical simulations illustrating the theo-
retical concepts developed.

Motivating Examples |
Process networks with recycle and light inerts

Consider the network of a gas-phase reactor and a condenser
shown in Figure 1. The reactant A is fed at a molar flow rate F,,
to the reactor, where a first-order irreversible reaction A — B
takes place with a reaction rate constant k;. The outlet stream
from the reactor is fed to a partial condenser that separates the
light unconverted reactant A from the heavy product B. The gas
phase, rich in A, is recycled back to the reactor. It is also
assumed that a very volatile inert / is present in the feed stream
in small quantities. A (small) purge stream P is therefore used
to remove this inert from the recycle loop. The interphase mole
transfer rates for the components A, B, and / in the condenser
are governed by rate expressions of the form

P\ M,
Nj = Jsd| v — DY) o,

where J{;s denotes a mass transfer coefficient, y; is the mole
fraction in the gas phase, x; is the mole fraction in the liquid
phase, @f is the saturation vapor pressure of the component j,
% is the total pressure in the condenser, M, is the total molar
liquid holdup in the condenser, and p, is the molar density of
the liquid. Assuming isothermal operation, the dynamic model
of the network has the form:

My=F,+R—F

1
Yar = M. [FU(yAA,O - )’AA,R) + R()’A - yA,R)] — Ta
R

1
Yir = M. [Fn(yl,o - yI,R) + R()’] - yI,R)]
R

MV=F—R—N—P
1
yA:ﬁ[F(yA,R_yA) _NA+yAN]
14
) 1
Y1ZM[F()’1,R_)’1) — N, + yN]
4
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M,=N-1L

1
Xy = E [NA - XAN]

1
XIZE[AG_XIN] ()

where N = N, + Ny + N, and Mg, M,, and M, denote the
molar holdups in the reactor, vapor phase in the condenser, and
liquid phase in the condenser, respectively, and r, = k;y,z
represents the reaction rate.

In our analysis, we assume that the flow rates in the recycle
loop are O(1) and that for economic and operational reasons,
the flow rate of the purge stream is very small. Thus, the ratio
of the purge flow rate to the feed flow rate under steady-state
conditions is very small, or P/F, = £ << 1. Also, we consider
that the mole fraction of the inert in the feed is very small, or
Vio = PBig, where B, is O(l), and that the inert does not
separate readily in the separation unit. Thus, we assume that the
mass transfer rate for the inert component is very small, or {54
= B,&?, where B, is O(1) and that the inert is very volatile,
having a high vapor pressure, or P5/% = B5(1/¢), where 5 is
o(l).

Note that, based on steady-state considerations, to remove an
appreciable amount of the inert component from the recycle
loop, the mole fraction of the inert in the vapor phase in the
condenser, y,, has to be O(1). This implies that O(g) moles of
inert enter and leave the system through the feed and purge
streams. Note also that the two final statements, concerning
the mass transfer properties of the inert component, imply
that a negligible amount of inert leaves the recycle loop and
exits through the liquid stream from the bottom of the
condenser.

Based on the preceding assumptions, the dynamic model of
the network takes the form of the following system of equa-
tions:

My,=F,+R—F

1
Var = M. [F,(1 — Bie — yA,R) + R(ys — yA,R)] —TIa
R
1
Vi = ﬁ [FO(BIS - )’1,R) + R(y1 - yLR)]
R

MV: F—R—(N,+ Ny — 3282}’1"' BaBsex; — SF().SF

1
Va= ﬁv [F(yar = ¥a) = Na+ ya(Na + Np) + ya(Bog®y;
— BaPex))]
1
V= E [F(yix = y) — (B2g’yr — BaBsex;) + y(Ny + Ng)

+ )’1(3282)’1 — ByBex))]
ML = (Ny+ Ny + stzyl — BaBsex; — L
1
X4 = E [Ny — x4(Ny + Np) — XA(stz)ﬁ - 32338)51)]
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Figure 2. Reactor-distillation column process network
with recycle and purge.
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1
X = E [B2&”y; — BaBsex; — x(Ny + Np) — x/B&”y,
= BaBsex)] ()

Process networks with recycle and heavy inert
components

Let us now consider a process network consisting of a
reactor and a distillation column with N trays, as in Figure 2.
The first-order reaction

E —> A ©))

takes place in the reactor. The feed F, contains the reactant £
and a small quantity of a nonvolatile, heavy inert /, and the
effluent of the reactor is fed to a distillation column. We
assume that the product A is light/volatile, and is removed at
the top of the column, whereas the heavy reactant E is removed
as bottoms and recycled to the reactor. To prevent the accu-
mulation of the heavy inert /, a small purge stream of flow rate
P is used.

Under the standard equilibrium assumptions for the tray
compositions

. anA‘,-
1+ (o, — l)x” + (o) — l)xA,i

Yaii €]

. QpXy;
i L+ (o, — 1)x1,i + (ay— D)Xy,

©)

where x;; and y;; represent, respectively, the liquid and vapor
mole fractions of component j on tray i, where «; is the relative
volatility of component j, the (2N + 9)-dimensional model of
the process network is:

My=F,+B—F
1
Xar = MR [Fo(xA,a - xA,R) + B(xA,B - xA.R)
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+ k(] — XAR T -xl,R) MR]

1
Xig = MR [Fo(xl,o - xI,R) + B(XI,B - xI,R)]

MD =V—-R—-D
) |4
Xap = (yA,l _-xA,D)
My

\%
Xip = Miu (yl,l - xI,D)

| .
Xpi = M [V(yA,i+l - yA,i) + R(XA,i—l - xA,i)]

1
X1 = M [V(yl,i+l - yl,i) + R(xl,i—l - xl,i)]

| .
Xap = Mf [V()’A,fﬂ - yA,f) + R(xA,f—l - xA,f) + F(XA,R - xA,f)]

1
Xy = E_[V(ylﬁrl - ylf) + R(xlf—l - xl,/) + F(xI,R - xl,f)]

| .
Xpai= 37 Yai+1 — Yai Xai-1 7 Xai
a e )+ (R + F)( )]

1
Xy = ﬁ [V(y,,m - yl.i) + (R + F)(-xljfl - -xl,i)]

My=R+F—-—B—-P
1
Xap = MB [(R + F)(XA,N - xA,B) + V(XA.B - yA,B)]

1
Xip = ﬁB [(R + F)(xl,N - xl,B) + V(XI,B - )71,3)] (6)

As discussed earlier, we consider that the flow rates in the
recycle loop are O(1) and that the flow rate of the purge stream
is very small compared to the network throughput, that is,
PJF,, = ¢ << 1. Also, we consider that the mole fraction of
the inert in the feed stream is very small y, , = B,&, where 3,
is O(1)and the subscript s denotes nominal values. Because the
inert is heavy and is recycled with the column bottoms, we
assume that it has a high boiling point, or, equivalently, a low
relative volatility. More specifically, o; = B,&%, where the 3,
term is O(1).

Under the preceding considerations, the phase equilibrium
Eq. 4 system becomes

2
QpXp i _ ¢ Ble,i

Yai = N Vi = N (N

with
N=14 (26— Dx;,;+ (ay— 1)x,,

and the network model takes the form of the following system
of equations:
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My=F,+B—F
1
Xar = E [F(1— Bie — xA,R) + B(xA,B - -xA,R)
+ k(1 — XaR — xl,R) MR]

1
Xig = MR [FD(BIS - x[,R) + B(xl,B - xl,R)]

M,=V—-R—-D
] 1%
Xap = Min (Ya1 — Xap)

. _L 82,82x1,1 _
Xip = M, N XD

| .
Xpi = M [V()’A,i+1 - yA,i) + R(XA,i—l - xA,i)]

1 v SZBZXI,HI _ 8232)51,1'
B N N

) + R(xp — xl,[)]

| .
Xap = Mf[v(yA,fH - yA,f) + R(XA,f—l - xA,f) + F(xaz — xA,f)]

1 SZB2X1J 1 82132951,f
x',f: %[V( N e N > +R(x[’f71 _xlf)

+ F(xl,R - xl,f):|

1 .
Xpi = M [V(yA,HI —ya) + R+ F)(xp- — -xA,i)]

. 1 EZBZXI,HI 3232351,,'
X = 3, Vv N - N

) + (R + F)(xl,i—l - xl,i):|

My=R+F—B—V=—seF, -

1
Xap = VB [(R+ F)(XA,N - xA,B) + V(xA,B - yA,B)]

1 £2B.x
Xip = ﬁa (R + F)(xuv - xl,B) + V<x1,3 - J\; LB)] (8

It is evident that the above models (Eqs. 2 and 8) have terms
of O(1) and O(¢), which suggests, potentially, a two-time scale
behavior for the process networks with recycle and purge
streams that they describe. In the next section, we develop a
generic modeling framework for such networks that captures
this feature and allows for a more general analysis of their
dynamic behavior.

Modeling of Process Networks with Recycle and
Purge

We consider the class of process networks presented in
Figure 3, consisting of N units and a total of C components and
a single recycle loop. We consider that a separator is present
and we denote by S the part of the separator that is included in
the recycle loop, and by S + 1 the part that is outside the loop.
We consider that one of the output streams of the separator is
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Figure 3. Generic reactor-separator process network
with recycle and purge.

at least partially recycled (possibly through units S + 2- - -M),
whereas the other output stream leaves the network as a prod-
uct stream, potentially after being processed in units M +
1- - -N. An impurity / is introduced in the network at a small
rate, and we assume that it does not separate readily in the
separator. A purge stream is used to prevent the accumulation
of the impurity in the recycle loop.

Let F, denote the feed flow rate to the first unit; F,, the rate
at which the impurity is input to the network; F; (j = 1,...,
N), the outlet flow rate from the jth unit; F the recycle flow
rate; and Fp the purge flow rate. Also, let N; i =1,...,C —
1) and N, denote the net rate at which the ith component and the
impurity, respectively, are separated from the recycle loop.

Considering that the individual process units are modeled as
lumped parameters systems, the mathematical model that de-
scribes the overall and component material balances of the
network takes the form

N Cc-1

x =f(x) + >, g(X)F; + >, g (XN, + g(x) Fx + g,(x) F},

j=1 i=1
+ (XN, + g(xX)Fp (9)

where x C & € R" represents the state vector and f(x), g;(x),

g..(X), gr(X), g,,(X), g,(x), and gp(x) are appropriately defined
n-dimensional vector functions.

We assume that the following properties of the network are
valid:

Assumption A-1 The nominal flow rate of the purge stream is
much smaller than that of the feed stream, that is,

FP,A/FU,J =& <<1

where the subscript s denotes nominal steady state values.

Assumption A-2 The rate at which the impurity is input to the
network is very small, that is,

Flo,,s/Fn,s = BIS

where B, is O(1).
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Assumption A-3 The net rate of impurity removal from the
recycle loop by the product stream separated in the separation
unit (along the path N;, Fs. |, . . ., Fy) is much smaller than the
rate at which the impurity is input to the network:

NI,S/F{).S = B282

where 3, is an O(1) quantity.

Assumption A-4 The flow rates F,, ..., Fy, Frand Ny, . . .,
Nc_, are of comparable magnitude, that is

We denote u.; = N/N, ., i = 1,..., C—1, L. Also, we define u;

= Fj/F to be the scaled (possibly manipulated) inputs that
correspond to the flow rates F.

Under Assumptions A-1 to A-4, the generic model in Eq. 9
becomes

c—1

N
x =f(x) + E gj(X) F;u; + E gc,i(x)l\'i.xuc,i + gr(x) Fpsug

j=1 i=1

+ S[glo(x) Fo,sBl + Sgl(x) Fo,suc,IBZ + gP(X) F{),,&”p] (10)
Equation 10 can be written in a more compact form as
x = f(x, u) + e[g"(x) + eg'(x) + g" (), ] (1D

where u’ is the vector of scaled input variables corresponding
to the “large” flow rates F,, ..., Fy, Fr and f(x, u’), g"(x),
g’(x), and gP (x) are n-dimensional vector functions. Notice that
the flow rates u.; are generally defined as functions of the
physical parameters of the system, that is, u.; = u.(x), and
thus the corresponding terms have been included in the expres-
sions of f(x, u’) and g'(x).

The above description captures the material balance models
of typical reaction separation process networks with recycle
and purge, such as the process networks considered in the
second section. Because of the presence of terms of vastly
different [O(1) and O(e)] magnitudes, it is possible that the
networks of the type of Eq. 11 possess a two-time scale
dynamics. Furthermore, notice that Eq. 11 is in a nonstandard
singularly perturbed form, that is, there is no explicit separation
of the state variables into “fast” and “slow.” Generally, in such
cases, all the states x will exhibit an initial fast transience,
succeeded by slow dynamics. In what follows, we show, within
the framework of singular perturbations, that such networks
exhibit indeed a two-time scale dynamic behavior. Moreover,
we address the derivation of reduced-order models of the fast
and slow dynamics of the network.

Model Reduction and Control Implications

We proceed by considering the limiting case of the purge
flow rate being set to zero, that is, € — 0. In this limit, we
obtain a description of the fast dynamics of the network:

April 2006 Vol. 52, No. 4 AIChE Journal



x = f(x, u) (12)

The description of the fast dynamics in Eq. 12 involves only
the flow rates u’. However, it is easy to verify that these flow
rates do not affect the rotal holdup of the impurity in the
recycle loop. The total holdup of 7 is influenced only by the
inflow of impurity, its transfer rate in the separator, and the
purge stream, which, as can be seen from Eq. 12, have no
influence on the dynamics in the fast time scale. Consequently,
one of the differential equations describing the fast dynamics is
redundant, and the equation in Eq. 12 are not independent.
Equivalently, the steady-state conditions

0 =f(x, u) (13)

do not specify a set of isolated equilibrium points for the fast
dynamics, but rather a one-dimensional equilibrium manifold,
in which a slow dynamics will evolve. The vector function f
can be reformulated® '3 as

f(x, u) = Bx)f(x, u)) (14)

where B(x) € R"™“~1 is a full-column rank matrix and the
vector f(x, u’) € R""! has linearly independent terms.

Next, to obtain a description of the slow dynamics, we define
a slow, compressed, time scale T = et, in which the model of
the process network becomes

& % = f(x, u) + £[g"(x) + eg'(x) + g"(X)u,]  (15)
and we consider the limit € — 0, in which the constraints 0 =
f(x, u)), or, equivalently, the linearly independent constraints
0 = f(x, u’) are obtained. These constraints are essentially the
quasi-steady-state conditions for the fast dynamics in Egs. 13
and 14 and must be satisfied in the slow time scale.

Dividing Eq. 15 by &, and considering the same limiting case
under the preceding constraints, we obtain a description of the
slow dynamics of the system. Note that, in this limit, the term
f(x, u')/e becomes indeterminate. By defining z = lim,_, f(x,
ul)/s, z € R, as this finite but unknown term, the slow
dynamics of network Eq. 11 takes the form

dx
4 = 200+ 2", + Bz

0=F(x, u)) (16)

The model of the slow dynamics of the system thus constitutes
a set of coupled differential and algebraic equations (DAEs) of
nontrivial index because the variables z (that physically corre-
spond to the net material flows of the network in the slow time
scale) are implicitly fixed by the quasi-steady-state constraints,
rather than explicitly specified in the dynamic model. Also,
note that the DAE model Eq. 16 has a well-defined index only
if the flow rates u’ that appear in the algebraic constraints that
determine the constrained state—space are specified as functions
of the state variables x, by a control law u'(x).
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Once the flow rates u’ are specified by appropriate control
laws, it is possible to differentiate the constraints in Eq. 16 to
obtain (after differentiating a sufficient number of times) a
solution for the algebraic variables z. One differentiation in
time will yield

z = —[Lgf(x)] '[Lyef(x) + LyF(x)u’] 17)

with
§ of B F) = of o g of .
LB (X) = ox (X) Lgm (X) = TJX g lgp (X) = a—x g

If the matrix Lgf is invertible (which is typically true; see the
examples that follow), the index of the DAE system Eq. 16 is
2 (that is, a solution for z is obtained from Eq. 17), and in this
case the dimension of the underlying ODE system describing
the slow dynamics is 1.

In this case, an explicit ODE representation (state—space
realization) of the DAE system Eq. 16 can be obtained be using
a coordinate change of the form

HE N

In these new coordinates, the model of the slow dynamics
becomes

¢ o ap I )
dr - ox B(X)z|_1-1p) + X g7 (X)) T X 8" (X))

n=0 (19)

Furthermore, it is possible to choose the function ¢(x) so that
(0p/ox)B(x) = 0.4, In this case, the variable { evolves inde-
pendently of the variables z, and represents a frue “slow”
variable in the system (whereas the original state variables
exhibit both fast and slow dynamics). Its dynamics is given by

¢ ap ¢
ar = m gl (X)|x:T"(§) + 0x gP(X)MpL(:Tfl(g)

n=0 (20)

Remark 1 The analysis presented above also has implications
on the selection of control structures for process networks with
recycle and purge. As it was shown, it allows for a separation
of the available flow rates into two distinct sets of manipulated
inputs, that act on and can be used to address control objectives
in the two time scales. Specifically, u’ are to be used to address
control objectives (such as stabilization of holdups and product
purity) in the fast time scale, whereas the flow rate u” of the
small purge stream is to be used for controlling the slow
dynamics of the impurity levels in the network.

Remark 2 Assumption A-4 can be relaxed to consider process
networks in which flow rates of several distinct magnitudes are
present. In the case of process networks with small purge
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streams, where the recycle flow rate is much larger than the
throughput, the general model (Eq. 11) becomes

1
X =f(x) +gu' + - g + &)[g"(x) + £,8'(x) + g"(X)u, ]
1

21

where u* and u’ denote, respectively, the network feed and
product flow rates, and the large internal and recycle flow rates.
In Eq. 21, &, = F, /Fr, << 1, capturing the fact that the
recycle flow rate, although comparable in magnitude to flow
rates of the internal streams, is assumed to be much larger than
the network throughput. &, = P/F, << 1 represents the ratio
of the nominal flow rate of the small purge stream and of the
network throughput, as defined above. Evidently, the Eq. 21
model contains terms of O(1), O(g), and O(1/e), suggesting
potentially a three-time scale behavior.

Motivating Examples Il

We now continue with the analysis of the motivating exam-
ples introduced in the second section, and present the deriva-
tion of reduced-order models for the fast and slow dynamics of
the two process networks, according to the theoretical frame-
work developed above.

Process networks with light inerts

We begin with a description of the fast dynamics of the stiff
model in Eq. 2. This is readily obtained in the form of Eq. 12
by considering the dynamic model (Eq. 2) in the limit as € —
0:

My=F,+R—F

1
Yar = M [F,(1 - yA,R) + R(y, — yAA,R)] —Ta
R

1
Vir = MR [_Foyl,R + R(yl - )’I,R)]
MV:F_R_(NA_NB)

1
Vo= E [F(yA,R —ya) — Ny+ yu(N, + NB)]

1
Vi = M. [F(yI,R = y) + y(N,+ Nyl
14
NL: (Ny+ Ny — L

Xy = Ny — x4(N4y + Np)]

M, L

1
X = = E [-xl(NA + NB)] (22)

Equation 22 is a nonstiff model that approximates the dynamics
of the reactor—condenser network in Figure 1 in the original
(fast) time scale ¢.

Note that the differential equations in the Eq. 22 system are
not independent, or, equivalently, the corresponding quasi-
steady-state constraints are not linearly independent. Specifi-
cally, the third constraint can be expressed as a linear combi-
nation of the others, that is, there are only eight linearly
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independent constraints, that can be written in the form of Eq.
14, with

1 0 0 0 0 0 0 0
1
0O — 0 0 0 0 0 0
My
1
_E g _ g 0 0 0
My My My
o 0 1 0 0 0 0 0
1
o 0 0 — 0 0 0 0
B(x) = My
1
o 0 0 0 — 0 0 0
My
O 0 0 0 0 1 0 0
I
o 0 0 0 0 0 -— 0
M,
1
o 0 0 0 0 0 0 —
(23)
and
(F,+R—F 1

F,(1—- .)’A,R) + R(yy — yar) — Mg
F—R— (N, + Np)

F(yAA,R = Ya) — Ny + ya(Ny + Np)
F(yi g = y) + y/(Ny + Np)

(NA + NB) - L

Ny — x4(Ny + Np)

XN,y + Np)

f(x,u) = (24)

This is consistent with the fact that these constraints correspond
to the limit as the purge flow rate and the inflow of the inert
become zero. In this limit, the numbers of moles of the inert
component leaving the reactor and the condenser are identical,
and thus the redundant constraint. Note also that in the fast time
scale, only the flow rates F, R, and L affect the dynamics and
can be used for addressing control objectives such as stabili-
zation of holdups, production rate, and product quality; of
course, the purge flow rate has no effect on the dynamics in this
fast time scale.

Turning now to the slow dynamics, we define the slow time
scale 7 = te and consider the limit € — 0, obtaining a descrip-
tion of the slow dynamics of the form (Eq. 16)

dM 1
=lim—(F,+R—F)
dr e—0 €
dy’“‘—nmi[F(l— ) + R(ya = Yar) = raMg]
dr " eM, 0 Ya.R Ya 7 Yar Fatig
! F,
MR aBl
dyir — 1 F +R + ! F
dr —El_f)r(} aMR[ oYI.R ()’1 yl,R)] M, B
My i F—R— N+ N~ F
dT _81‘1)137[ ( A B)] O,SFS
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1
dr = ljm ETWV [F(yA,R_yA) _NA+yA(NA+NB)]

dy, . 1
—— =lim 871‘4‘/ [F()’I,R - )’l) + yl(NA + NB)]

&—0

M,
dr

1
=1lim — [N, + N, — L]
e—0 €
dx,

1
dr = 18133 aTVIL [Ny — x4(Ny + Np)]

-1
E = lsl_f)r(: &TVIL [-xl(NA + NB)] (25)

subject to the quasi-steady-state constraints obtained by setting
the terms in Eq. 24 equal to zero.

It was verified that by setting the reactor effluent flow rate F
and the product flow rate L with the proportional control laws

F = F?[l - kp,l(MR,x[) - MR)]
L = Ls[l - kp,Z(ML,.vp - ML)] (26)

where the index s denotes nominal values and the index sp
denotes set points, the matrix LBf'(x) is invertible, and thus a
coordinate change of the Eq. 18 type exists. Note that the
control laws in Eq. 26 correspond to the stabilization of the
reactor and condenser liquid holdups.

To obtain an ODE description of the slow dynamics, a
meaningful choice of the function ¢(x)in Eq. 18 is

‘b(x) =My g + Myy,

that is, the total inert holdup in the recycle loop. This choice of
coordinate change yields the following state—space realization
of the slow dynamics of the network in Figure 1:

d¢ _ P
E = FoB; — Fo, Eyl(g) 27

where y,({) is computed from the steady-state constraints ob-
taining by setting f(x, u’) in Eq. 24 equal to zero and inverting
the coordinate transformation (Eq. 18), with { defined as above.
Equation 27 represents a one-dimensional, nonstiff description
of the slow dynamics of the process network in Figure 1. The
single slow mode of the network is therefore associated with
the total holdup of the inert impurity, which is a “true slow
variable” of the network.

Process networks with recycle and heavy inert
components

Following a similar procedure to the one used above, it is
easy to verify that we obtain a model that approximates the fast
dynamics of the network in Figure 2, that is in the form of Eq.
12. Also, it can be verified that only 2N + 8 of the 2N + 9
steady-state constraints that correspond to the fast dynamics are
independent. After controlling the reactor holdup My, the dis-
tillate holdup M,, and the reboiler holdup M with proportional
controllers using, respectively, F, D, and B as manipulated
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NA, NB, NI
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A

Figure 4. Process network in which a secondary reac-
tion takes place, yielding small quantities of an
unwanted byproduct.

inputs, the matrix LBf'(x) is nonsingular, and thus the coordinate
change

N

{= Mgx;p + fol,f"' Mpx; + E Mx;; (28)

i=f+1

which corresponds to the total holdup of the impurity in the
recycle loop. After applying Eq. 28, we obtain the following
one-dimensional description of the slow dynamics of the network:

c P
E - BlFa - Fa,x FS x[,B(g) (29)

Similar to the previous example we considered, the total
holdup of the impurity represents is the “true slow variable”
that the one-dimensional slow dynamics of the network is
associated with.

Remarks
Slow secondary reactions

An analysis similar to those presented above can be carried
out in the case of a process network in which the “impurities”
are generated in the reactor, rather than introduced in the feed
stream. Let us consider the process network in Figure 4, having
a structure very similar to that of the reactor—condenser net-
work presented in the second section. The difference consists
in the fact that two first-order reactions A — B and A — [ take
place in the reactor, with reaction rate constants k, and k,,
respectively. B is the desired product and is separated in the
condenser, whereas the undesired light byproduct I (which is
assumed to be produced in small quantities) does not separate
and a purge stream P is used for its removal. Carrying over the
notation and modeling assumptions of the second section, the
model of the process network in Figure 4 becomes

My=F,+R—F
1
Yar = VR [Fo(on - yA,R) + R()’A - yA,R) — k\Mgyar
- kzMRyA,R]
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Table 1. Nominal Values for the Process Parameters

F, 100.00 mol/min
R 100.00 mol/min
F 200.00 mol/min
L 97.1 mol/min
P 39 mol/min
Ya 0.98
Vi 0.2
k, 0.01 min !
k,» 0.01 min~!
. 2.00 m’
T. 279.00 K
P, 2.83 MPa
) 200.00 m*/m?
I, 342.00 mol/m? min
Ky 360.00 mol/m? min
¥, 1.8 X 107° mol/m? min
PS(T,) 4.00 MPa
PT.) 0.80 MPa
P(T.) 90.00 MPa
P, 15.00 kmol/m?
My 2412.0 mol
M, 1228.0 mol
M, 14,940.0 mol
v, 0.219
v 0.266
Var 0.255
Yir 0.512
X, 0.181
X, 191 X 103

*The subscript ¢ indicates process parameters for the condenser.

1
Vir = E [7F()yl,k + R(y: - y:,k) + k2MRyA,R]

My=F—R—-N—-P
1
))A:ﬁ[F()’A,R_YA)_NA"')’AN]
%

1
yi= ﬁ [F(yI,R - yl) — N, + le]
v

M,=N-1L

1
X4 = E [NA - XAN]
[N, — x,N] (30)

=
M,

In this case, the form of Assumptions A-1 and A-3 remains
the same as in the second section, whereas Assumption A-2
implies that the rate constant of the reaction that leads to the
formation of the impurity is very small, or k,My J/F, =
B.&, where 3, is an O(1) quantity. Notice that here Assump-
tion A-2 is expressed as a ratio of the characteristic time for
the chemical reaction and the characteristic time for con-
vection, thus being equivalent to considering that the second
reaction has a low Damkdhler number.

With the aforementioned assumptions, the dynamic model of
the network takes the form

My=F,+R—F
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1
YVar = VR [Fo(yAn = Yar) T R(ya = Yar) = KiMgyag

FO,S
— ef, MiR,x MRyA,R:|
1 F(’,S
Vi = MR [ —Fyir + R(y; — yip) + By m MR)’A,R]

Mv =F—R— (N, + Np) — stzyl + BoBsex; — elF P

1
Va= ﬁv [F(yar = Ya) = Ny + ya(Ny+ Ny) + Ya(Baey;
— BaBsex)]
1
V= ﬁv [F(YI,R —y) - (3282)’1 — BaBsex) + y (N4 + Np)

+ YI(BZSZ)H = BaBex))]

ML = (Ny+ Ny + stzyl = BaBsex; — L
Xp = E [Ny — x4(Nay+ Np) — xA(BZSZyI - BZB38XI)]

1
X = E [3282)’/ = B2Bsex; — x(N, + Np)

- xl(stzyl - BZB}S-XI)] 3D

which is in the generic form of Eq. 11.

After applying (detailed derivations are not presented for the
sake of brevity) the model reduction proposed above, consid-
ering again the total holdup of the impurity as a one-dimen-
sional function required by the coordinate change (Eq. 18) we
obtained the following state—space realization of the slow dy-
namics of the network in Figure 4:

df F,, P
dr 1‘47Y BiMi($) yar() — Fo Fy yil{) (32)

R

where Mg({), ya (), and y,({) are computed as in the case of
the reactor condenser network with feed impurities.

Analogies with networks with large recycle

Note that in the analyses presented above, the mole fractions
of the impurity in the recycle loop are O(1l), and thus the
amount of inert that is recycled in the network is much larger
than the inert throughput of the network. The presence of a
single slow mode associated with the inert is therefore in
complete agreement with the analysis of networks with large
recycle introduced in Kumar and Daoutidis,” which predicts a
slow model of dimension equal to the number of components
in the recycle loop for which the recycle flow rate is much
larger than the throughput.

Simulation Case Study

In what follows we consider a network of the form shown in
Figure 1 and, in addition to the model features introduced
earlier, we assume that the component / acts as a reaction
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Figure 5. Time responses of all state variables.

inhibitor. Thus, the reaction rate in Eq. 1 is given by the
expression

k 1YAR

= — 33
L+ y (33)

r'a

The parameter values and the nominal steady states used in the
case study are given in Table 1. The operating objective for this
network is to control the purity of the product B at xp,, =
0.818, in the presence of disturbances in the inlet composition
and changes in the production rate.

As an initial simulation run, we considered an “open-loop ”
experiment, whereby only the proportional controllers (Eq. 26)
are implemented to stabilize the holdups of the network, and
we slightly perturbed the state variables from their steady-state
values. The corresponding responses are presented in Figure 5.
Observe that the state variables exhibit a fast transient, fol-
lowed by a slow approach to steady state, which is indicative of
the two-time scale behavior of the system, and is consistent
with our observation that such process networks are modeled
by systems of ODEs that are in a nonstandard singularly
perturbed form.

Figure 6 shows the evolution of the total inert holdup for the

1330

1320

-
w
ry
(=]

Total I holdup, mol
— -
N w
[{<} [=]
(=} o

1280}

1270

0 1 2 3 4 5 6 7 8
time, days

Figure 6. Evolution of the total inert holdup.
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0.8165
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Figure 7. Response of the output x5 to changes in the
recycle flow rate R.

same simulation run; note that this variable exhibits dynamics
only in the slow time scale, a fact consistent with its being a
true slow variable.

According to the analysis results introduced above, the con-
trol of the product purity should be addressed in the fast time
scale. After implementing the controllers (Eq. 26), using F' and
L as manipulated inputs, the remaining available manipulated
input for the control of x, is the recycle flow rate R.

Figures 7 and 8 illustrate the evolution of the product purity
for different step changes in the recycle flow rate R, in the
“open-loop” system mentioned above, indicating a fairly non-
linear dynamic response. Moreover, a plot of x; vs. R at
steady-state features an input multiplicity (Figure 9) that limits
the applicability of linear controllers.'> Consequently, we used
the model of the fast dynamics of the network in Eq. 22 to
design a nonlinear input—output linearizing output feedback
controller with integral action!> for x,, requesting a critically
damped second-order response:

xp + Bg, Z + Bsa W = Xpsp 34

0.8189

osted} | +5%
0.8189

OBIBB. .
0.8188

»= 0.8188
Nominal Model

0.8188}
0.8188f

0.8187
0.8187

.8187, .
0818 7 7.2 74 7.6 7.8 8

time, days
Figure 8. Detailed view of Figure 7.
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Figure 9. Input multiplicity of product purity loop.

where Bz, = 40 min and B, = 400 min’.

At first glance, a single controller, on the R—x loop, appears
sufficient for addressing the main control objective. However,
simulation results indicate that, to maintain x at the desired
level when the network is subjected to a small (5%) increase in
the mole fraction y, ,, the recycle flow rate R would need to be
increased to 505.8 mol/min (a fivefold increase from the nom-
inal value). Thus, due to the inhibitive contribution of / in the
reaction rate expression and, consequently, to the detrimental
effect that its accumulation exerts on the operation of the
network, the control of the impurity levels in the reactor is of
critical importance and directly linked to the main objective of
product purity control. According to our analysis, the control of
V;.x should be addressed in the slow time scale using the purge
stream as a manipulated input.

Motivated by the above, we used the coordinate transforma-
tion of Eq. 18 with ¢(x) = y; ., along with the quasi-steady-
state constraints stemming from setting the terms in Eq. 24
equal to zero, to obtain a description of the evolution of the
reactor impurity mole fraction in the slow time scale. Subse-
quently, we used this description as the basis for synthesizing
a nonlinear input—output linearizing controller that manipu-
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0.8188 - - =Xge

0.8187

103|
0

Figure 10. Closed-loop response for an unmeasured in-
crease iny,,, fromy, , = 0.02 to y, , = 0.025.
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Figure 11. Closed-loop response for an unmeasured in-
crease iny, .

lates the purge flow rate to induce the following first-order
response for y;

dyr
Yig T By dt =v (35)

where 3, = 1000 min and integral action is imposed on the v —
Y.z dynamics.

Figures 10 and 11 show the closed-loop response of the
reactor—condenser network in the case of an unmeasured in-
crease in the inlet mole fraction of the inert y,,, from y,, =
0.02 to y;,, = 0.025. The closed-loop behavior in the presence
of the same disturbance, but considering, additionally, a 20%
modeling error in the mass transfer coefficient of the product,
H g, is presented in Figures 12 and 13. The proposed nonlinear
control structure exhibits excellent performance in the presence
of unmeasured disturbances, even when model mismatch is
considered. The disturbance is rejected with small changes in
the recycle rate and minimal effect on the product purity.

0.8189
0.8188
& 0.8187
» xB
0.8186 == 'xB,sp
0.8185 : 2 :
0 50 100 150 200 250
115
110
E 105
[=]
£ 100
T 95
g0l \ . .
0 50 100 150 200 250
time, h

Figure 12. Closed-loop response for an unmeasured in-
crease iny,,, fromy, , = 0.02 toy,, = 0.025,
in the presence of modeling errors.
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Figure 13. Closed-loop response for an unmeasured in-
crease in y,,, in the presence of modeling
errors.

Figures 14-16 present the closed-loop response for a 10%
increase in the network throughput (imposed by changing the
feed flow rate F,), along with a requested 2% increase in the
inert mole fraction setpoint; this change in setpoint is necessary
to prevent the purge flow rate from becoming too large, which
would lead to an accrued loss of valuable raw material. In this
case, too, the proposed nonlinear control structure exhibits very
good performance and tracking ability, showing small changes
in the product purity and imposing the desired inert mole
fraction change.

Conclusions

In this work, we have shown that the presence of a small
purge stream, used for the removal of small quantities of an
impurity that is either present in the feed of a process network
with recycle, or results as a reaction byproduct, causes the
network to exhibit a two-time scale behavior. Specifically, the
dynamics of such networks exhibit a fast dynamics, associated
with the individual units, and a slow dynamics, that arises from

0.824
X
0.822 B
082f £ T~ e
xm
0.818 [
0.816
0.814

0 50 100 150 200

200
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wn
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Figure 14. Closed-loop response for a 10% increase in
F,.
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Figure 15. Closed-loop response for a 10% increase in
F

o

the presence of small quantities of inert component in the feed,
and of the purge stream with small flow rate. Within the
framework of singular perturbations, we proposed a method for
the derivation of reduced-order, nonstiff models for the behav-
ior of such networks in each time scale. In addition to the
generic network used for theoretical analysis, three prototype
networks with recycle and purge streams were considered, and
the slow dynamics of the networks was shown to be one-
dimensional and directly associated with the total impurity
holdup.

The proposed analysis also allowed for a rational separation
of the available flow rates into two distinct sets of manipulated
inputs, which act upon and can be used to address control
objectives in the two time scales.

Finally, we provided a numerical example illustrative of the
theoretical concepts developed in the article. In the example, a
low-dimensional model of the slow dynamics was used in the
synthesis of an input—output linearizing controller with integral
action for the inert mole fraction in the reactor of the reactor—
condenser process network. The proposed nonlinear controller

108
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Jr

104

102
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100

98

96

0 20 40 60 80 100 120 140 160 180
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Figure 16. Closed-loop response of the product flow
rate L for a 10% increase in F,,.
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was tested by numerical simulation, indicating excellent set-
point tracking performance and robustness.
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